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Abstrat
Single partile models are suient for many topis in introdutory physis ourses, but beome
misleading when applied to situations involving hanges in internal energy. This paper merges two
parallel attempts to reform the teahing of energy in the introdutory physis urriulum, resulting
in an approah to internal energy that is oneptually orret, mathematially rigorous, and yet
simple enough for the introdutory student to understand. It uses diagrams and graphs to provide
onrete and visual means to trak energy storage and transfer, and takes the smallest possible
step in mathematial omplexity - from one-partile to two-partile models - neessary to ahieve
onsisteny with a sound oneptual approah. The mathematial development is guided by the
idea that the term work should reeive a lear oneptual denition as energy that is transferred
through the boundary of a system; mathematial expressions are identied as work - of any sort -
only when they orrespond to this denition.
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I. INTRODUCTION
This paper merges two parallel attempts to reform the teahing of energy in the introdu-
tory physis urriulum, one more mathematial, and the other more oneptual and visual.
Many authors have pointed out that single partile mathematial models beome mislead-
ing when applied to situations involving hanges in internal energy.[1, 2, 3℄ Suh situations
are a valuable lever to indue reform of the physis urriulum, beause they dramatially
make a ruial point: that a student's ability to obtain a orret mathematial answer to
a problem has little orrelation with oneptual understanding. In a reent TPT artile,[4℄
Carl Mungan reviewed proposals for dealing with internal energy. In a muh earlier re-
view, Malinkrodt and Le[5℄ identied a total of seven dierent types of work referened
in the literature, whih are related to six state-dependent energy funtions, produing a
multipliity of work-energy relationships whih they seletively apply to solve problems. As
Mallinkrodt and Le say, The abundane of papers devoted to energy transformations,
and in partiular, work in marosopi systems is indiative of the disomfort many physis
teahers experiene in the area.
These attempts to reform the energy urriulum have in ommon a desire to formulate the
onepts, terminology, and mathematis of internal energy to dovetail as seamlessly as pos-
sible with the typial treatment of the subjet in textbooks and introdutory ourses. This
reates an important bridge between elementary mehanis on the one hand, and thermo-
dynamis and solid-state physis on the other. Sine the energy urriulum in introdutory
physis typially starts with the single-partile work-energy theorem, these authors spend
onsiderable eort to delineate the sope of this theorem so that teahers and students an
identify the lass of problems to whih it applies, and the lass of problems for whih it fails.
Sine the typial urriulum denes work using a dot produt of fore and displaement of
the enter of mass, these authors reommend terms suh as pseudo-work, enter-of-mass-
work, and partile-work to refer to this produt when it does not equal an amount of
energy transferred through the boundary of a system - whih is the only thermodynamially
valid denition of work. They apply both a multi-partile rst law of thermodynamis and
a single-partile work-energy theorem to the same physial system, and solve the equations
simultaneously.[6℄
Others argue that it's better to teah introdutory students to qualitatively trak the
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storage and ow of energy, leaving nuaned variations in terminology and omplex math-
ematis to more advaned ourses.[7℄ Indeed, another emerging reform of the introdutory
energy urriulum uses qualitative and semi-quantitative diagrams and graphs as developed
by vanHeuvelen and Zou[8℄, Falk and Hermann[9℄, and adapted by the Modeling Workshop
Projet[11℄. In this approah, diagrams and graphs provide a onrete and visual means to
trak energy storage and transfer, supplementing verbal desriptions and equations. Using
this approah, the ourse sequene is substantially hanged. The rst law of thermodynam-
is is introdued from the very beginning by dening energy as the ability to ause hange.
This denition is more general than the ability to do work, beause it does not restrit
energy to mehanis, but inludes energy transfer by onduting and radiating as well as
working. Students' rst exerises in the subjet require them to demonstrate their under-
standing of energy onservation by using diagrams and graphs to show where and how energy
is stored at every instant of time. These qualitative and semi-quantitative exerises inlude
energy storage in biologial, hemial, and thermal, as well as mehanial systems.[12℄ The
diagrams and graphs also require students to expliitly identify the objets inside their sys-
tem and to show the transfer of energy into or out of that system, in orrespondene with
the thermodynami denition of work. Sine the urriulum inludes internal energy stored
in multi-partile systems from the beginning, invoation of the single-partile work energy
theorem is unneessary and is therefore frequently deleted. Instead, students solve quanti-
tative problems by mathing formulas for energy storage or transfer with dierent parts of
the diagrams. The strutural relationship among these parts serves as a guide to develop a
onservation of energy equation (the rst law of thermodynamis) spei to the situation.
The mathematial formalism of Mungan, Sherwood, Arons et. al. dovetails niely with
the typial textbook presentation of energy, but ts awkwardly with the qualitative-visual
approah of Swartz, vanHeuvelen, Falk, Swakhamer and others. In the qualitative-graphial
approah, the work-energy equation has not been introdued in the rst plae, so there is
little need to spend time explaining its limits, nor is it onvenient to use it for mathematial
solutions in ombination with the rst law of thermodynamis. Sine work is dened as
thermodynami work and given expliit visual representation, suh terms as pseudo-work,
enter-of-mass-work, and internal-work beome misleading. I nd great value in both
the qualitative-visual approah and the rigor of the mathematial formalism. In this paper,
I show how these two approahes an exist together more harmoniously.
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Sine the urriulum is aimed at introdutory students, this paper takes the smallest pos-
sible step in mathematial omplexity - from one-partile to two-partile models - neessary
to ahieve onsisteny with a sound oneptual approah to energy. The mathematial devel-
opment is guided by the idea that the term work should reeive a lear oneptual denition
as energy that is transferred through the boundary of a system; mathematial expressions
are identied as work - of any sort - only when they orrespond to this denition. Even
greater simpliation is ahieved by extrating some physially sensible guidelines from the
mathematial theory, enabling introdutory students to bypass diult mathematis while
making sense of the most troublesome examples. The result is an approah to these issues
that is oneptually orret, mathematially rigorous, and yet simple enough for the intro-
dutory student to understand. It is mathematially equivalent to previous formulations,
but obtains the advantage that the mathematis ows diretly from the oneptual analysis
in a straightforward manner.
II. INTRODUCING INTERNAL ENERGY CONCEPTS USING DIAGRAMS
AND GRAPHS
In this setion, I review a olletion of problems for whih hanges in internal energy
play a prominent role. These problems have been disussed extensively by previous authors
[1, 2, 10℄ who show that the onit between a single partile mathematial model and the
energy onepts reates a barrier to student understanding of energy. My main purpose is
to show how students an use pie harts, bar graphs and energy ow diagrams to illustrate
the storage and transfer of energy.
Brue Sherwood attributes the following problem to Mihael Wiessman.[1℄ It is also ex-
tensively disussed by Arnold Arons.[15℄ I adopt Aron's desription. Consider the situation
[in gure 1,℄ in whih two fritionless puks of mass m, onneted by a string, are aelerated
by the fore F . (Note that this is a deformable system, that the fore is displaed farther
than the enter of mass point, and that the puks are assumed to undergo an inelasti
ollision on ontat.)
By the time they arrive in an introdutory physis ourse, most students an glibly reite
a version of energy onservation suh as, Energy an neither be reated nor destroyed.
Energy pie harts (Figure 2) require students to express their understanding of energy on-
4
Figure 1: two fritionless puks of mass m, onneted by a string, are aelerated by the fore F.
Figure 2: Pie harts illustrating that energy starts as hemial energy in the person's musles and
is gradually transferred to the puks and stored as kineti energy and thermal energy.
servation in a stronger form. The pie harts trak an amount of energy over time as it is
transferred from one loation to another, requiring students to identify where and how the
energy is stored at every instant of time. If there is any instant when they annot do so,
this points out a deieny in their energy model in violation of onservation of energy. At
rst, students have diulty drawing a orret set of energy pie harts to desribe even a
simple situation beause they typially harbor persistent misoneptions about the meaning
of energy and its onservation, even when they an reite a version of energy onservation
and orretly solve the problem mathematially.[2, 10, 16℄ In my lassroom, I often probe
students' understanding by asking them to draw pie harts before, after, or between the ones
they have already drawn, inevitably revealing beliefs that kineti energy is being used and
is not stored anywhere, that transfer of energy is not a gradual proess but happens all at
one from potential to kineti, and a belief in the equivalene of rest and potential energy
storage, so that falling objets instantly reover their gravitational energy upon impat with
the ground. If you don't believe your students harbor misoneptions, try asking them to
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Figure 3: Energy bar graphs and energy ow diagram showing similar information to the pie harts,
but emphasizing the hoie of system and its role in dening work.
draw a set of pie harts. Figure 2 shows that the energy that eventually ends up in the
puks starts out stored in the person's musles as hemial potential energy and is gradu-
ally transferred to the puks, where it is stored partially as kineti energy and partially as
thermal energy beause of the inelasti ollision.[17℄
Energy bar graphs and energy ow diagrams (gure 3) together show muh the same
information as the energy pie harts, but with a dierent emphasis. In both representations,
the dotted lines demarate the boundaries of the system. Only objets and energy inside
the boundary are atually in the system. In the energy ow diagram, a line indiates
an interation between the objets. Adding an arrow to the line indiates ow of energy.
Clearly dening a system is a ruial step in solving any physis problem, and energy is no
exeption. These diagrams make the separation between system and environment expliit.
The bar graphs fous student attention on the initial and nal energy state of the system,
and require students to onsiously onsider onservation of energy by making their energy
bars stak up to the same height. By ontrast, eah pie hart automatially represents the
same amount of energy, foring student ideas to be onsistent with energy onservation even
if they haven't given the matter expliit thought. The energy ow diagram fouses students
on the objets where the energy is stored and the diretion of energy transfer. The pie
harts, by ontrast, fous more on the mehanism of energy storage - hemial, kineti, et.
- and imply energy transfer as a ontinuous evolution of energy storage rather than show it
diretly with an arrow. In this spei ase, the left-hand bar graph shows where and how
6
the energy is stored before the person starts pulling, and the right-hand bar graph shows
the energy storage after the puks ollide. The energy ow diagram shows the transfer of
energy from the person, through the system boundary to the puks and string. Sine this
energy passes through the system boundary, it an be identied as work.
Teahing with multiple representations allows the teaher aess to parts of students'
mental models whih would otherwise remain hidden. Teahers an probe student under-
standing and get them to think more deeply by asking questions that make them translate
information from one representation to another. For example, the teaher an ask how di-
agrams and graphs should be modied in ase ertain hanges are made to the problem
statement, or how diagrams, graphs and the physial onditions of a problem would have to
hange if the equations are modied. Students also improve their ability to talk to eah other
about abstrat topis, beause debate obtains a onrete fous in the manipulation of parts
of the diagram. This allows a muh larger perentage of the lass to follow and therefore
partiipate than if disussion remained solely in the verbal and mathematial mode. The
use of diagrams, graphs and student-to-student disourse makes it muh more likely that
students will think by applying a model and ontinually rening it, as opposed to merely
memorizing algorithms or spei answers.[10, 18℄
The following problem and variations are disussed by many authors.[2, 8, 10℄ A ar of
mass m traveling with veloity V
o
on a level road travels a distane X while skidding to a
stop. Figure 4 illustrates that the kineti energy of the ar is transferred to thermal energy
stored in both the ar and the road. Only the portion of the kineti energy that is atually
transferred to the road passes through the system boundary and an be onsidered as work.
The rest of the thermal energy initially remains in the ar, as represented by the portion
of the bar graph within the dotted system boundary in the right-hand diagram. Part of
this will gradually pass through through the system boundary as it dissipates, but we have
restrited our onsideration to an interval of time before this ours.[20℄
The following problem involves a so-alled zero work fore, whih auses aeleration
without doing any work.[1, 2, 21℄ A skater stands at rest on fritionless ie and pushes o of
a rigid wall, as shown in gure 5. The skater exerts a onstant horizontal fore F and her
enter of mass is a distane X farther from the wall after the push. A rigid wall undergoes no
hanges as a result of the push, and so does not hange its energy state. Figure 6 shows that
the energy initially stored in the person's musles ends up stored as kineti energy without
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Figure 4: Energy pie harts, bar graphs and ow diagram for a ar skidding to a stop. The inset
shows a simpler energy ow diagram in whih the ar is treated as a single objet. Both versions
are orret. Whih option you hoose depends on the level of detail appropriate for your students
and on the onepts you wish to emphasize.
Figure 5: A skater stands at rest on fritionless ie and pushes o of a rigid wall.
ever leaving the person. If we hoose the entire person as our system, wishing to onentrate
on physis and avoid the ompliations of analyzing individual musle ells in the person's
arm, then the energy transfer in the problem never passes through the system boundary.
Zero work is done in this problem, aording to the only thermodynamially valid denition
of work as energy transferred into our system from external objets.[22℄ Fores whih ause
aeleration without transferring energy are atually quite ommon. For example, when a
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Figure 6: Energy pie harts, bar graphs and ow diagram for a skater on fritionless ie pushing
o of a rigid wall. One again, the inset shows a simpler energy ow diagram in whih the person
is treated as a single objet. Both versions are orret. Whih option you hoose depends on the
level of detail appropriate for your students and on the onepts you wish to emphasize.
person walks, runs, or jumps into the air, when a ar rashes into a brik wall or when a
rigid objet rolls without slipping, the wall or oor in eah ase undergoes no hange and
so does not hange its energy state. Even though there is a fore between the wall or oor
and the system, there is no energy transfer between these objets and therefore no work.
If students rst gain suient pratie using the diagrams and graphs to express and re-
ne their ideas, starting with easier problems and progressing in diulty, they will ontinue
to use them - and by impliation the oneptual analysis they represent - as the starting
point for quantitative analysis. To help students move from a oneptual-visual analysis
to equations, the urriulum must now provide expressions for amounts of energy stored
and transferred, as well as a way to assoiate those expressions with dierent parts of the
diagrams and graphs, and by impliation with the onepts those parts represent. The over-
all struture of the diagrams and graphs then allows the student to write an appropriate
onservation of energy equation. In setion III, I will use a two-partile model to derive ap-
propriate expressions for internal energy and assoiate them with the visual representations.
In setion IV, I simplify those results to four physially sensible guidelines and show how
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they an be used to solve the problems we have just examined oneptually. This theory
is mathematially equivalent to previous theories of internal energy in introdutory physis,
but my approah is designed to t muh better with the oneptual and visual introdution.
III. THE TWO-PARTICLE MODEL
To apply energy to omplex systems, it an be assumed that a marosopi objet is om-
posed of strutureless point partiles interating with eah other by means of onservative,
entral fores. I will losely follow the development of multi-body theory in David Hestenes'
New Foundations for Mehanis,[27℄ but will apply it only to a two-partile system. The
mathematial development is guided by the idea that the term work should reeive a lear
oneptual denition as energy that is transferred through the boundary of a system; a
mathematial expression will be identied as work - of any sort - only when it orresponds
to this denition. The two-partile results an be generalized to a system with an arbitrarily
large, but nite number of partiles and the onlusions are similar.
Our system will be omposed of two partiles with masses m1 and m2, positions X1and
X2 and exerting mutual fores f12 and f21, assumed to obey the third law, to be onservative,
direted along the line joining the two partiles, and to depend only on their relative position,
r =X1 −X2. External objets exert a total fore F1 on partile 1 and total fore F2 on
partile 2. In other words:
f12 = −f21 =
f12 (r) r
r
and
∫
rf
ro
f12 · dr = −∆Uint (1)
m1A1 = F1 + f12 m2A2 =F2 + f21 = F2 − f12 (2)
Sine these assumptions are properties of almost all fundamental interations between ele-
mentary partiles, the multi-body theory we develop will have broad appliability.
Hestenes begins his analysis with the following observation:
To analyze the behavior of a system, we must separate it from its envi-
ronment. This is done by distinguishing external and internal variables. The
external variables desribe the system as a whole and its interation with other
(external) systems. The internal variables desribe the (internal) struture of
the system and the interations among its parts.
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For the system of both partiles, the external variables inlude:
total mass M = m1 +m2 (3)
total external force F = F1 + F2 (4)
center of mass X =
m1X1 +m2X2
M
(5)
velocity of center of mass V =
dX
dt
=
m1V1 +m2V2
M
(6)
acceleration of center of mass A =
dV
dt
=
m1A1 +m2A2
M
(7)
translational (or center of mass) kinetic energy Ekinetic−cm =
1
2
MV 2 (8)
The internal variables desribe the motion of the partiles relative to the enter of mass
as well as their interations with eah other. These inlude m1, m2, f12 = −f21 and △Uint
as well as:
v1 = V1 −V v2 = V2 −V (9)
Internal Kinetic Energy Ekinetic−int =
1
2
m1v
2
1 +
1
2
m2v
2
2 (10)
Total Internal Energy △Eint = △Ekinetic−int +△Uint (11)
Notie that I use apital letters with subsripts to refer to individual partile variables,
plain apital letters to refer to external variables, and lower-ase letters to refer to internal
variables.
The total internal energy of a multi-partile system is the sum of the kineti energy due
to motion of the partiles relative to the enter of mass and the potential energy stored
in the elds between the partiles, whih depends on the inter-partile distanes. While
it is straightforward to aount for the internal energy of a two-partile system by simply
adding these terms, the method quikly beomes unwieldy as the number of partiles in
the system inreases. For large systems, it is usually easier to reorganize equation 11 into
a smaller number of terms that are more aessible to marosopi measurements. Hene,
the internal energy inludes the thermal energy due to osillations of the partiles in the
system. When the system hanges shape beause it is ompressed, strethed or bent in
any way, then inter-partile distanes must hange, altering the internal potential energy.
If suh deformations are elasti, then internal kineti energy may later hange as some
part of the system reovers by springing bak. If the system is apable of undergoing
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a hange in phase or a hemial hange, the resulting hanges in inter-partile distanes
and ongurations will hange the internal energy as well.[29℄ Although it may not be
immediately obvious, the internal energy also inludes rotational kineti energy. Consider
the ase of a rigid body, for whih the distanes of eah partile relative to the enter of
mass as well as relative to eah other are xed. In that ase, the only way partiles an move
relative to the enter of mass is if the entire objet rotates with angular veloity ω, so that
Ekinetic−int =
1
2
m1v
2
1 +
1
2
m2v
2
2 =
1
2
m1r
2
1
(
v1
r1
)2
+ 1
2
m2r
2
2
(
v2
r2
)2
= 1
2
(m1r
2
1 +m2r
2
2)ω
2 = 1
2
Iω2,
where ri =
|ω×ri|
ω
is the distane of the ith partile from the axis of rotation and I is the
moment of inertia about that axis. Introdutory texts usually inlude a lengthier derivation
of rotational kineti energy and moment of inertia, and it ould be said that I am now
applying a similar treatment to all internal energy.
The total kineti energy is the sum of the kineti energy of the two partiles, but it an
be separated into internal and external parts using equations 9 , 6 and 3.[30℄
Ekinetic−total =
1
2
m1V
2
1 +
1
2
m2V
2
2 =
1
2
m1 (v1 +V) · (v1 +V) +
1
2
m2 (v2 +V) · (v2 +V)
=
1
2
(m1 +m2)V
2 +
1
2
m1v
2
1 +
1
2
m2v
2
2 +V · (m1v1 +m2v2) = Ekinetic−cm + Ekinetic−int
(12)
To relate hanges in kineti energy to the fores on the system, we take the derivative of
12 and use 2.
dEkinetic−total
dt
=
d
dt
(
1
2
m1V1 ·V1 +
1
2
m2V2 ·V2
)
= m1V1 ·
dV1
dt
+m2V2 ·
dV2
dt
= V1 · (m1A1) +V2 · (m2A2) = (F1 + f12) ·V1 + (F2 + f21) ·V2 (13)
dEkinetic−total
dt
=
dEkinetic−cm
dt
+
dEkinetic−int
dt
= (F1 ·V1 + F2 ·V2) + (f12 ·V1 + f21 ·V2) .
The right-hand side of equation 13 an be expressed in terms of internal and external
variables using equations 9 and 4 .[31℄
F1 ·V1 + F2 ·V2 = F1 · (v1 +V) + F2 · (v2 +V) = F ·V + (F1 · v1 + F2 · v2) (14)
f12 ·V1 + f21 ·V2 = f12 · (v1 +V)− f12 · (v2 +V) = f12 · (v1 − v2) = f12 · v, (15)
where the relative veloity is v = V1 − V2 = v1 − v2 =
dr
dt
. Combining equation 13 with
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equations 14 and 15 then anti-dierentiating and using 1 and 11, we nd:
△Ekinetic−cm+△Eint = △Ekinetic−cm+△Ekinetic−int+△Uint =
∫
Xf
X0
F·dX+
∫
X1f
X10
F1·dx1+
∫
X2f
X20
F2·dx2
(16)
This is the full energy equation for our two-partile system. It presents us with a sum
of three integrals involving dot-produts of fore and displaement. In keeping with the
previously mentioned guideline, I defer dening any of these integrals as work until it an
be determined whether they represent energy transferred through the boundary of the two-
partile system. The last two integrals beome easier to interpret if the purely external
terms are subtrated from the equation. Start by dierentiating equation 8 and using 2, 4
and 7 to obtain
dEkinetic−cm
dt
= MV · dV
dt
= V · (MA) = F ·V, whih an be anti-dierentiated
to obtain:
△ Ekinetic−cm =
∫
Xf
X0
F · dX (17)
Subtrating equation 17 from equation 16, we nd the remaining terms are related by:
△ Eint =
∫
X1f
X10
F1 · dx1 +
∫
X2f
X20
F2 · dx2 (18)
To paraphrase Hestenes[27℄, this equation desribes alteration of the internal energy by
external fores. Speially this ours when external objets fore partiles of the system
to move relative to the enter of mass. This implies rotation and/or deformation of the
system, both visible onsequenes of external fores that an alert students to internal
energy transfers as they gradually build a omplete onept of energy. It is preisely when
the system is rotated or deformed that it annot be approximated as a single partile and a
two-partile model beomes the simplest approah that retains an aurate understanding
of energy.
This not only provides a meaning for the last two integrals in equation 16, it tells us that
the integral in equation 17 an be interpreted as the work only when the the external fores
ause no hanges in internal energy so that the two integrals in equation 18 sum to zero. In
that ase, the only soure for the hange in enter of mass kineti energy is the external objet
or objets exerting the fore F. Of ourse, one ase where this obtains is a single-partile
system, whih is the starting point for energy analysis in most introdutory texts. While
equation 17 says literally that the integral of the dot produt of fore and enter of mass
displaement equals a hange in enter of mass (translational) kineti energy, many texts
13
proeed to adopt
∫
Xf
X0
F·dXas a general denition of work and apply this denition outside its
limited range of validity. As setion II shows, situations where external fores ause hanges
in internal energy are quite ommon and are almost always inluded among the examples and
problems in these same introdutory texts. Coneptual onfusion sets in when
∫
Xf
X0
F · dX is
alled work but does not represent energy transfer through the system boundary. It is not
equation 17 itself whih is the problem, but its interpretation as a general denition of work
whih leads to oneptual diulties. Other authors [1, 2, 4, 5, 10, 15℄reognize the limits
of the denition and supplement equation 17 with a multi-partile energy equation while
inventing names suh as partile work or pseudo work to identify
∫
Xf
X0
F·dX in troublesome
situations. As an alternative, I ontinue the mathematial development without applying
names until I an learly identify whih integrals truly represent energy transferred through
the system boundary.
Our investigation of two-partile models has produed two dierent types of fore vs.
distane integrals, whih dier in the hoie of external or internal variables for the position.
For example,
∫
X1f
X10
F1 · dx1 an be used to alulate an amount of energy transferred from
external objets to partile 1 and stored internally by the system. On the other hand,∫
X1f
X10
F1 ·dX (whih is part of
∫
Xf
X0
F·dX beause of equation 4) represents energy transferred
from external objets to partile 1 and stored as translational kineti energy of the system.
In addition, these two integrals an be added to get:
∫
X1f
X10
F1 · dx1 +
∫
X1f
X10
F1 · dX =
∫
X1f
X10
F1 · d (x1 +X) =
∫
X1f
X10
F1 · dX1 (19)
The right-hand side of this equation involves the total fore from external objets on partile
1 as well as the total displaement of partile 1. This is the total amount of energy transferred
from external objets to partile 1, and thus to the system. To be onsistent with the
thermodynami denition of work as the energy transferred through the system boundary,
this must be the work done by fores F1 on the system. The left side of equation 19 (along
with equations 17 and 16) tells us that this total energy transfer aounts for a portion of the
hanges in internal energy and translational kineti energy. While this may seem abstrat,
when solving elementary problems it is often possible to model the system as two partiles,
one partile loated at the point of appliation of the fore and another loated at the enter
of mass and representing the rest of the objet. From there, one an identify displaement of
the enter of mass, displaement of the rst partile relative to the enter of mass and total
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displaement of the partile. Even when one or more of these displaements is unknowable,
distinguishing among the three ases an aid an analysis of energy storage and transfer and
help resolve onfusion.
The interpretation of fore vs. displaement integrals in this paper, in partiular the
deision to apply the term work in general to equation 19 but not equations 17 or 18,
is a diret onsequene of adopting an appropriate mathematial model - one apable of
representing internal energy beause the system inludes more than one partile - and stritly
dening work in aord with thermodynamis, as the amount of energy transferred from
external objets through the boundary of the system. Mallinkrodt and Le[5℄ dene seven
dierent fore vs. displaement integrals that appear in the literature, but point out that only
three of these are independent. Starting with any three, the other four may be determined
by simple mathematial relationships. My hoie of three integrals is therefore a suient
set and mathematially equivalent to prior formulations. Mallinkrodt and Le generally
regard this hoie as the easiest set of three to understand and apply.
Finally, it should be noted that when external objets exert onservative fores on the
multi-partile system, the system may be enlarged to inlude these objets and introdue
external potential energy terms to the left-hand side of equation 16. However, hanges to the
internal energy may also our if the fores in question are not uniform. Tidal fores are one
example of this, and they work preisely beause non-uniform gravitational fores deform
an objet by displaing parts of it relative to the enter of mass. Use of two-partile models
for elementary problems an help prepare students for the study of more advaned topis,
suh as tidal fores, when they enounter them later in their studies. In many ases, the
external onservative fore is approximately uniform and will therefore ause only negligible
hanges in internal energy.
IV. SOLVING PROBLEMS BY COMBINING DIAGRAMS, GRAPHS AND
MATHEMATICS
Zou and vanHeuvelen outline a general problem-solving proedure when employing dia-
grams and graphs.[8℄ The student rst analyzes energy storage and transfer using the pie
harts, bar graphs, and energy ow diagrams as in setion II. In the ase of a deformable
or rotating system, the guidelines developed in setion III help the student assoiate eah
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Figure 7: Internal, external and total partile displaements for the two-puk-and-string problem.
energy formula with the appropriate energy transfer or storage mehanism. There are three
displaements to examine for eah external fore: the displaement X of the enter of mass,
the displaement x - relative to the enter of mass - of the partile to whih the fore is
diretly applied, and the total displaement X1 = x + X of that partile. If the fore is
onstant, FX cos θ will equal the hange in translational kineti energy; Fx cos θ equals the
hange in internal energy; and FX1 cos θ equals the total energy transferred from the exter-
nal objet to the system, whih is the work. For basi mehanis, the kineti energy formula
is also neessary. Others, suh as the spei heat formula, an be added as the ourse
sequene ditates. The student assoiates eah energy formula with one or more parts of
the diagrams, and reads a onservation of energy equation from the overall struture. The
only neessary mathematial hange to the urriulum is to provide students with the mean-
ing of the above three produts in lieu of dening work as FX cos θ. The mathematial
manipulations ahieved by this proedure are idential to those reommended by previous
authors. The single partile energy model is disarded, and students learn a multi-partile
theory rst oneptually and then mathematially. When appropriate, the onservation of
energy equation obtained by this proedure will automatially simplify to the single-partile
work-energy equation.
Figure 7 is a more omplete diagram for the two-puks-and-string problem from setion
II, whih reveals that the point of appliation of the fore (the enter of the string) has been
displaed relative to the enter of mass, ausing the system to hange shape. Hene, we know
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Figure 8: Mathematial expressions and equations have been added to the energy bar graphs and
ow diagram from gure 3 to show how eah orresponds to one or more parts of the diagram. The
struture of the diagrams and graphs leads diretly to a onservation of energy equation.
that FX will not equal the work. Instead, gure 8 shows how to orretly assoiate energy
formulas with parts of the diagrams. FX = 1
2
(2m) V 2, beause produts with the enter
of mass displaement equal hanges in translational kineti energy. Fx = F (X1 −X) =
2mC∆T (where C is the spei heat and T is the temperature) beause produts with
the internal displaement equal the hanges in internal energy, whih is thermal in this
ase. Finally, FX1 =
1
2
(2m) V 2 + 2mC∆T , beause the total work done by the person
is transferred to the puks and stored both internally and externally. There is a lear
oneptual interpretation for eah produt of fore and displaement, and it is lear that
FX1 is the work, while FX and Fx are not.[33℄ A student who an draw orret diagrams,
explain the meaning of those diagrams in words, and assoiate eah part of their alulation
with part of a diagram has demonstrated a thorough understanding both oneptually and
mathematially. The mathematis is not only onsistent with the oneptual analysis, it
follows diretly from the onepts in a straightforward manner. A larger portion of the
energy unit may be spent on oneptual analysis, beause the struture of the diagrams and
graphs leads so neatly into the onservation of energy equation. Students are far less likely
to make ommon mathematial mistakes suh as negative sign errors or double aounting
for work and potential energy, so less time is required to address mathematial diulties.
The fritional fore on a ar, or any objet, skidding to a stop is atually the sum of many
mirosopi fores between the surfae (the road) and the skidding objet (the ar).[19℄ As
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the ar skids forward, a tooth from the uneven road surfae exerts an external fore f
on a tooth of the ar tire opposite to the diretion of travel (see gure 9). This auses a
negative hange in the enter of mass kineti energy equal to −fX , beause the fritional
fore is opposite the displaement of the enter of mass, X. It auses a positive hange in
the internal energy equal to fx, beause the fritional fore and the internal displaement
of the tire atom, x are in the same diretion, both opposite the motion. And there is a net
transfer of energy out of the system equal to −f (X − x) = −fX1. −fX1 is the work, but
we are unable to alulate an exat value without knowing the mirosopi displaement x.
The total energy transfer will be the sum of similar terms over all of the atoms of the tire
in ontat with atoms of the road. While we annot alulate the work, if the total external
fritional fore and the displaement of the enter of mass are known, we an alulate the
total hange in the translational kineti energy of the enter of mass. This is the alulation
typially aepted as a solution to this problem, and it is mathematially orret. However,
it is oneptually misleading to laim that it expresses the idea that work done by the
fritional fore equals the hange in the kineti energy. It does not. [34℄
Reall the skater pushing o of the wall? The diagrams in setion II showed that no
work was done beause no energy was transferred from the wall to the person. The person
hanges shape or is deformed when the point of appliation of the fore, the person's hands,
is displaed relative to the enter of mass. Therefore, we know that FX will not equal the
work. In more detail, gure 10 shows that the person's enter of mass was displaed a
distane X during the push, while the point of appliation of the fore was displaed an
equal amount in the opposite diretion, relative to the enter of mass, but was not displaed
at all relative to the wall. FX represents an inrease in the translational kineti energy
of the person. −Fx represents an equal derease in the internal energy of the person,
orresponding exatly with our oneptual analysis. Finally FX1 is the work, the amount
of energy transferred from the wall to the person, and it is indeed zero.
As a nal example, onsider a round objet of mass M, radius R and moment of inertia
I = bMR2, where b is a unitless fration equal to 2
5
for a sphere or
1
2
for a ylinder, et. When
the objet starts from rest and rolls without slipping down an inline of height H and length
L, gravitational energy is transferred to translational kineti energy plus rotational kineti
energy, as shown in gure 11. This gives MgH = 1
2
MV 2 + 1
2
Iω2 = 1
2
MV 2 (1 + b) ,where
V = ωR beause the objet does not slip. The stati fritional fore, f ats opposite the
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Figure 9: Internal and External Variables for an Objet Skidding to a Stop. The ar starts to skid
at the instant its front end reahes the pole of the stop sign. The seond and fourth blowups show
the ar moving a very small (atually mirosopi) distane X during the rst few instants of the
skid. The rst and third blowups are inspired by Sherwood and Bernard's stylized mirosopi
view of frition, with greatly exaggerated vertial sale, showing that teeth belonging to the tire
and the road surfae have welded together at their ontat point.[19℄ The upper tooth is arried
forward a distane X. The point where the fore is applied at the tip of the tooth is displaed a
distane x to the left relative to the enter of mass, but relative to the lower tooth, it is displaed
a distane X1 = X− x to the right. Sales in this gure have been exaggerated disproportionately
for the sake of lear presentation of the relation among the displaement vetors.
diretion of motion while the objet's enter of mass is displaed a distane L down the
inline. The meaning of the produt fL an be determined by examining innitesimal
displaements of a rolling objet, as shown in gure 12. Beause the point of appliation of
the fritional fore (where the objet ontats the ground) is displaed relative to the enter
of mass, we an antiipate that the dot produt of the fritional fore and the displaement
of the enter of mass will not equal the work. The fritional fore f is opposite in diretion to
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Figure 10: Internal and external variables for a skater on fritionless ie pushing o of a wall. The
person's enter of mass was displaed a distane X during the push, while the point of appliation
of the fore was displaed an equal amount in the opposite diretion, relative to the enter of mass,
but was not displaed at all relative to the wall.
Figure 11: Energy pie harts, bar graphs and ow diagram for a round objet rolling down an
inline. The inset shows a simpler energy ow diagram in whih the round objet, the Earth and
by impliation also the gravitational eld are treated as a single objet. Both versions are orret.
Whih option you hoose depends on the level of detail appropriate for your students, in partiular
their readiness to deal with the onept of the eld as real physial objet whih, although invisible,
stores the gravitational potential energy.[23℄
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Figure 12: Innitesimal Internal and External Displaements for a Rolling Objet - In an innites-
imal time interval ∆t, the enter of mass of a rolling objet is displaed by an amount X, and the
original point of ontat is displaed by an amount x relative to the enter of mass. If the objet
rolls without slipping, x is approximately equal in magnitude but opposite in diretion to X, so
that in the limit that ∆t approahes zero, the displaement of the point of ontat is also zero.
the displaement of the enter of mass X , leading to a derease in the objet's translational
kineti energy, −fX = ∆
(
1
2
MV 2
)
. On the other hand, f is in approximately the same
diretion as the internal displaement, x, leading to an inrease in the objet's internal
energy, fx = ∆
(
1
2
Iω2
)
. If the objet rolls without slipping, then in the limit ∆t approahes
zero, x is equal and opposite to X, so that the instantaneous displaement of the point
of ontat is X1 =X− x= 0 and no work is done. The ation of the fritional fore is to
transfer energy from translational kineti energy to rotational kineti energy without doing
any work beause the energy remains in the system at all times.[25℄ Hene, there is no
energy ow arrow betwen the inline and the objet in gure 11, and we an onlude that
fL = ∆KErotational =
bMgH
b+1
= 1
2
Iω2. Carnero et. al, Sherwood and Mungan obtain the same
result,[1, 4, 24℄ but the meaning of the fore-displaement produts derived from the two
partile model provides a muh more straightforward path to this solution. Although one
annot stritly model a rolling objet with a two-partile model, the introdution of two-
partile models earlier in the ourse sequene prepares students for a more sophistiated
understanding of work and energy in rolling motion, as a omparison of the pairs of equal
and opposite displaements in gures 10 and 12 shows.
V. CONCLUSION
One goal of a good introdutory physis ourse should be for students to develop a
useful model of energy and its onservation, one that they an employ to understand energy
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onepts throughout their lives. Teahers must take are to present the material in a logial
sequene so that onepts are ontinually rened and ideas build on one another. At the
introdutory level, the mathematis should be kept as simple as possible, but a ertain level
of omplexity is neessary in order to support the development of orret energy onepts.
In this onlusion, I will outline some suessful reforms of the pedagogial sequene for
teahing energy, point out where two-partile models t into this sequene, and show how
the inlusion of two-partile models for some elementary problems an help prepare students
for more advaned topis.
The overarhing theme of Eri Brewe's dotoral disseration[35℄ is energy early, energy
often, energy intuition. He spends approximately the same amount of lass time on energy
as he would in a more standard ourse sequene, but instead of overing energy all at one,
he weaves in an energy thread throughout. During the rst week, he teahes students
to represent their energy ideas qualitatively using pie harts and system shemas.[36℄ At
some point during eah unit, he revisits energy by applying these representational tools
to new situations, while gradually rening the existing tools and adding others - energy
ow arrows on system shemas, bar graphs, equations and potential graphs. Students do
not use energy equations until they have developed a more sophistiated understanding of
energy onservation. It is important that students pratie using the diagrams and graphs to
express energy ideas for some time before proeeding to equations. If they are omfortable
with the representational tools, they will ontinue to use them as an aid to problem-solving.
The result of Brewe's reform is greater omfort with energy as a problem-solving alternative
and a greater understanding of its relation to other topis.[37℄
Within Brewe's sequene, two-partile models should not be introdued until students
understand how to apply the representational tools and equations to simpler situations.
These inlude situations in whih internal energy hanges are negligible, as well as other
ases, suh as many inelasti or partially elasti ollisions, where modeling objets as single
partiles that an store internal energy may be suient. In the two puk and string problem,
for instane, we did just that when we assumed that a portion of the puks' kineti energy
was transferred to thermal energy when they ollided. One students have an appropriate
bakground, examples suh as those from setion II an be used to help them rene their
denition of work and to develop a deeper understanding of energy storage and transfer.
Beause the oneptual development has inluded internal energy from the start and the
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struture of the diagrams leads diretly to the equations, one need only introdue the meaning
of the three dierent fore vs. displaement produts to apply the two-partile model.
A ommon bouning ball oupies a pivotal point in the alulus-based ollege physis
ourse as taught by Dwayne Desbian, and shows how students an be led to understand the
dierene between a single-partile and a multi-partile model.[38℄ This situation ontains
basi elements of almost all of the examples in this paper. The oor auses the ball to ex
as it omes momentarily to rest, in a manner similar to the way the brik wall rumples
the ar's front end. As the ball rebounds, some of the energy is restored to kineti energy
beause of the elasti exing of the ball's material. This energy does not ome from the
oor, but in a manner similar to the jumping person or the skater pushing o from the
wall, it remains stored in the ball the entire time. Even though the ball may store less
kineti energy after the boune than before, that does not mean the energy has left the ball.
Similar to the ar skidding to a stop, the energy is at least partially stored as thermal energy
in the ball itself. Through areful onsideration of this problem using all of the dierent
representations, students in Desbian's ourse disover the failure of the single partile model
and develop a model of the ball as two partiles mediated by a linear restoring fore.
I showed in setion IV how an early introdution to internal energy better prepares
students to understand energy transfer when objets roll without slipping. Students who
ontinue their physis eduation will be exposed to ideas of internal energy and deforma-
tion in even more ompliated ontexts, inluding thermodynamis, moleular dynamis,
solid-state physis, and atomi physis.[39℄ In thermodynamis, students enounter di-
ulty understanding the work done on or by the working uid of a heat engine. Problems
suh as the skater and the ar rash provide more onrete and familiar ontexts in whih
to assoiate ompression and expansion of the system with hanges in internal energy. The
two-partile, linear-restoring-fore model of the bouning ball is important in its own right.
Although seemingly simple, it ontains the basi ideas of elasti behavior, and internal os-
illations leading to thermal energy.[40℄ In their introdutory physis ourse, Matter and
Interations, Ruth Chabay and Brue Sherwood make innovative use of partiles onneted
by linear restoring fores to demonstrate how bulk properties of matter emerge by applying
basi mehanis to its onstituent parts.[41℄ This is the entral onept of solid state physis.
In atomi physis, absorption or emission of a photon leads to hanges in the internal energy
of an atom, aompanied by deformation in the form of hanges in its size and shape. One
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students express atomi transitions using the familiar bar graphs and energy ow diagrams,
they nd energy level diagrams muh easier to omprehend. Tides and other phenomena
due to the ation of non-uniform elds an be understood through internal energy trans-
fers aompanied by deformation. Introduing two-partile models at the introdutory level
also exposes students to the idea of a model and its limits, and helps them to understand
multi-body theory when they enounter it in an advaned physis ourse.
Teahing energy using multiple representations to promote student-to-student dialog is
gaining urreny among physis teahers. This paper is but the latest in a long series of
eorts to deal with the mathematis of internal energy at the introdutory level. Both math-
ematial and visual approahes are nding their way into urrent textbooks. On the other
hand, a unitary uid-like metaphor for energy, a more rigorous expression of onservation
of energy, an elevation of the importane of diagrams and graphs relative to equations, or
the idea that
∫
F · dX does not, in general, equal work are ounter-intuitive ideas to many
trained physiists and introdutory physis teahers. When they enounter these ideas in
the PER literature, it may well ause them to disregard the reform eorts. It is my hope
that ombining the mathematial and visual approahes and larifying the mathematial
and theoretial basis for these reforms will help some physiists and teahers take a loser
look at the real value of the proposed hanges.
Matt Greenwolfe grew up in Indiana and reeived a B.S. degree in physis from Wash-
ington University in St. Louis and a PhD in physis from The University of Mihigan.
Over the past eleven years his high shool lasses have evolved to use guided inquiry,
student disourse, and multiple representations. He is urrently president of the Amer-
ian Modeling Teahers Assoiation, www.modelingteahers.org.
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